We present a solution to the water-wave interaction with a submerged elastic plate of negligible thickness by the eigenfunction-matching method. The eigenfunction expansion depends on the solution of a special dispersion equation for a submerged elastic plate and this is discussed in detail. We show how the solution can be calculated for the case of normal incidence on a semi-infinite plate in two spatial dimensions and then extend this solution to obliquely incident waves, to a plate of finite length and to a circular finite plate in three dimensions. Numerical calculations showing various properties of the solutions are presented and a near-orthogonality relation for the eigenfunctions is used to derive an energy-balance relation.
Introduction
The interaction of linear water waves with submerged plates of small thickness has received considerable research attention, dating back to Dean [1] and Ursell [2] . In the simplest cases, the plate is rigid and either horizontal or vertical, which allows considerable simplifications. If the plate is inclined then the problems become more complicated and they are commonly referred to as barrier problems. Recent work is summarised in [3] .
The problem of an elastic plate has also been extensively studied, almost exclusively focused on the problem of plates floating on the water surface (since this has applications to scattering by sea-ice as well as man-made very large floating structures). Early solutions include [4] for a semi-infinite plate (by eigenfunction matching) and [5] for a finite plate (using an integral equation). Since then, the elastic plate has been the focus of substantial research, and summaries can be found in the review articles [6] and [7] . However, the problem of a submerged elastic plate seems to have not been considered hitherto, despite the fact that this is the simplest hydroelastic problem with submergence. We present solutions to the two-dimensional problems of a semi-infinite and a finite plate and the three-dimensional problem involving a circular plate.
While the submerged elastic plate problem is somewhat idealised, it is likely that any practical structure which is sufficiently thin to be modelled as of negligible thickness could easily exhibit significant bending. The usefulness of submerged horizontal finite structures as breakwaters or wave barriers has received some research attention, including rigid plates (sometimes referred to as docks) [8] and membranes [9] . In the latter work, it is suggested that it might also be useful to investigate an elastic plate rather than a membrane and § this is the problem considered here. A major advantage of using horizontal plates (as opposed to structures with vertical extent) is the fact that they allow exchange of water and hardly disturb (horizontal) currents. The use of a stack of horizontal submerged docks as a breakwater is considered in [10] . The analogous problem with elastic plates could also be solved by the method presented in this work although we do not follow this direction here. Furthermore, the solution for a submerged elastic plate will be a useful guide to techniques, and to checking numerical code, for more complicated problems in hydroelasticity which involve submergence.
Because the geometry is sufficiently simple, the form of the potential in different regions of the fluid can be found by separation of variables and the solution can then be obtained using matched eigenfunction expansions [11] . Methods based on eigenfunction matching have been employed in the context of scattering by plates many times, e.g. in [4, 8, 9, 12] , and it is this method we use in this work. It should be noted that the rapidness of the convergence of the eigenfunction-matching method is somewhat reduced for a submerged plate owing to the singularity of the fluid velocity at the plate tip.
Several problems of interaction of water waves with semi-infinite plates have also been solved by more analytic approaches such as the Wiener-Hopf technique or the residue calculus method (the latter of which is also based on eigenfunction matching), which can lead to more or less explicit solutions and are not affected by the singularity at the plate tip. These include the submerged dock [13, 14, 11] , the elastic plate at the water surface [15, 16, 17, 18] and the submerged porous plate [19] . While the Wiener-Hopf method can give much more analytical insight into the solution, it requires a structure of semi-infinite extent. The residue calculus method is also restricted to semi-infinite structures but fast convergent representations of the solution to the corresponding finite-structure problem can be obtained in some cases. Solutions for circular plates are unknown for both methods. It is not unlikely that the semi-infinite submerged elastic plate problem can also be solved using a Wiener-Hopf approach or the residue calculus method and that the latter method may also yield a fast convergent representation of the solution for a finite plate.
Nevertheless, we use standard eigenfunction matching in this work because of its generality and its simplicity (both derivation-wise and implementation-wise). Unlike the other techniques, the eigenfunction-matching method is capable of coping with all three geometries (semi-infinite, finite, circular) in the same way, only requiring very little modifications to move from one to the other. It is noteworthy that this fact seems to have been missed by researchers in the past. For example, it took ten years to move from the eigenfunction-matching solution for the semi-infinite elastic plate at the surface [4] to the corresponding circular-plate solution [12] . The analogous finite-plate solution seems to have not been published so far. It is also worth pointing out that the main difficulty of the method, that is the behaviour and the finding of the roots of the dispersion relation in the plate region (cf. (2.26) below), is also present in the residue calculus method and WienerHopf technique (except for cases where the Cauchy integral method can be employed to avoid the roots in a beneficial way, for example for the porous plate [19] ).
The outline of this paper is as follows. We begin in section 2 with the problem of a submerged elastic plate, which we solve by eigenfunction matching. The principal difficulty of this method is to determine the solution of the dispersion equation for the region in which the submerged plate is located, and this is discussed in detail. For most parameter values, the dispersion relation has an infinite number of solutions which are real and decay, two complex solutions and two purely imaginary solutions which correspond to travelling waves, plus the negative of all these solutions (the dispersion equation is even in wavenumber). The existence of two positive imaginary solutions means that the submerged elastic plate actually supports two travelling waves with different wavelengths. We show that, once the dispersion equation has been solved, the solution can be calculated straightforwardly, and we present some numerical simulations. In section 3 we modify the solution for the semi-infinite plate to obtain the solution for the finite plate using symmetry, and present further numerical solutions. The necessary modification to account for the circular plate are given in Section 4. Section 5 is a brief summary, which is followed by three appendices, in which the solution for a rigid plate is given briefly in our notation for reference purposes, a near-orthogonality relation is derived and, finally, an energy-balance relation is determined.
Semi-infinite submerged plate
We begin with the problem of a submerged semi-infinite elastic plate. This is the problem we will consider in most detail. The solutions for the finite plate and the circular plate are a relatively straightforward extensions of this solution, as will be seen in Section 3 and 4.
Problem formulation
Cartesian axes are chosen with the mean free-surface coinciding with the (x, y)-plane and z measured vertically upwards. The fluid bottom is at z = −h. We assume invariance with respect to the y-direction so that the problem is two-dimensional. (We will briefly consider the case of waves incident at an angle in Section 2.8.) A submerged elastic plate of negligible thickness is placed along
We assume that all amplitudes are small enough that linear theory applies and we make the usual assumptions that the fluid is inviscid, incompressible and irrotational. We denote the fluid velocity potential by φ(x, y, z, t). It is further assumed that all motion is time-harmonic with angular frequency ω = √ α and that the motion is independent of the y-direction. Thus, we can write
where Re denotes the real part. The displacement of the plate about z = −d is
The functions φ(x, z) and W (x) represent the time-independent parts of the complex velocity potential and the plate displacement, respectively. We consider the equations for the plate-water system in non-dimensional form, as the problem is so well known. The derivation and non-dimensionalisation are discussed in detail in [20] . We non-dimensionalise the spatial variables with respect to a length parameter L, the wavelength of the incident wave e.g., the time variables with respect to g/L and the mass variables with respect to ρL 3 , where g is gravitational acceleration and ρ is the density of the water.
The displacement direction is upward positive, so that across z = −d we have
where β and γ are related to the stiffness and mass of the plate, respectively, and they are given by
where ρ p is the density of the plate, D is the rigidity constant of the plate and H is the thickness of the plate. The function
represents the forcing on the plate, and P is the pressure. The linearised Bernoulli equation gives
Using the Bernoulli equation (2.5), we find that
The linearised kinematic boundary condition at the plate is
Differentiating (2.3) with respect to time and using equations (2.1), (2.2) and (2.6) we have
where φ ± (x) = φ(x, −d ± ) ( + and − denote above and below the plate, respectively). Under the assumptions above, the spatial velocity potential satisfies the Laplace equation
in the fluid with the boundary conditions
with two edge conditions. If the plate is clamped, the edge conditions are
and they read ∂
for a plate whose edge is free to move. Condition (2.13) ensures the correct behaviour of the potential at the plate tip. We also need to apply a radiation condition demanding that the scattered wave field consists of outgoing waves only. Figure 1 shows the schematic diagram of the problem, along with three regions which we will use in the solution process.
Region I
The eigenfunction expansion in this region is completely standard and follows from [11] , and we only summarise the results here. We define k n , M n , φ n (z), n = 0, 1, 2, ..., by
where k n , n = 1, 2, ..., are real and positive and k 0 is negative imaginary. The functions φ n (z) satisfy the orthonormal relation
and they form a complete set over the interval (−h, 0). A general solution for φ(x, z) in region I is thus 20) which satisfies equations (2.8), (2.9) and (2.10), and Ae −k0x φ 0 (z) is the incident wave from x → −∞ travelling from left to right with amplitude A (in potential).
In region II, we can separate variables and we find that the potential satisfies
where
We can solve for ψ separately in the regions IIa and IIb, and apply the free surface condition and the sea floor condition in each respective domain to obtain
Applying the requirement that the normal derivatives above and below the plate match (cf. (2.11)), we obtain
where c = h − d. Therefore, up to multiplication by a constant, ψ can be written as
Applying (2.12) for the region IIa or IIb and using (2.24), we get
This is the dispersion relation for a submerged elastic plate. Before moving on to find an appropriate expansion of the potential in region II, we discuss the dispersion relation (2.26) in some detail.
Properties of the dispersion equation
The solution of the dispersion equation (2.26) is central to our solution method. First, we note that the equation is even in κ, so that the solutions occur in plus and minus pairs. Moreover, if we have a solution with non-zero imaginary part, its complex conjugate also solves (2.26) .
In what follows, we will discuss only the roots which lie in the closed fourth or open first quadrant of the complex plane. The solutions of (2.26) can be divided into three groups for typical plate parameters. We have two negative imaginary solutions which correspond to travelling waves and which we number κ 0 and κ 1 . There is an infinite number of positive real roots which correspond to evanescent modes, which we number κ n , n 2. We also have two complex roots which we number κ −2 and κ −1 . A schematic sketch of the roots is depicted in figure 2 . Note that for the case when the plate floats on the water surface the same kinds of roots are found except that there is only one non-negative imaginary solution. It is known for the situation where the plate is located at the water surface that the roots may not be distributed in the way presented above. For example, there may be double roots for certain special parameter values [21] . The determination of the exact behaviour of the roots for all parameters values is a difficult undertaking even for simpler problems, cf. [22] . We also note that, in all cases tested, we find only one complex root in each quadrant. However, we have no proof that this is always the case. In what follows, we consider only parameter values, for which the roots are distributed in the way illustrated in fig. 2 . The phenomenon of the complex roots moving onto the axis is associated with very low fluid density so that the problem approaches that of a plate in a vacuum.
Some well-known situations can be recovered as asymptotic limits of certain parameters. In the limit as d → 0, we recover the dispersion relation for a floating elastic plate (cf. [4] ). As β, γ → ∞ (so that the plate becomes stiff and fixed) (2.26) factorises so that we have two dispersion relations 
Expansion of the potential in region II
We can therefore express the potential in region II as
The eigenfunctions are not orthogonal with respect to the standard inner product, but we show in appendix B that the eigenfunctions ψ n satisfy a near-orthogonality relation. In what follows we assume that the eigenfunctions (2.31) form an over-complete basis so that we can satisfy the boundary conditions at the plate edge. This is analogous to what is done for the elastic plate on the water surface [4] . In case there is a double root of the dispersion relation (2.26), special eigenfunctions are necessary similar to problems involving porous structures, cf. [23] e.g. We do not consider this case here.
Formulation of the system of equations for the semi-infinite elastic plate
Continuity of the velocity potential (i.e. pressure) across x = 0 gives
Taking the inner product with φ m (z) and using (2.19) and (2.31), equation (2.32) becomes
and where
and
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Continuity of velocity across x = 0 gives
Again, taking the inner product with φ m (z) and using (2.19), equation (2.37) becomes
We eliminate a n from (2.33) and (2.38) and obtain
Numerical solution
We now need to solve the matching equations (2.33) and (2.39) together with the equations for the edge conditions. The key to our method is to use two more modes on the plate side than are used on the open-water side, so that our matching leaves us requiring two extra equations which we get from the edge conditions [24, 12] . If we restrict to N + 1 modes for the water and N + 3 for the plate, we obtain the following system of equations to be solved 
or the free-edge conditions
Once the b n are determined, the a n can be found utilising (2.33). † , Michael H. Meylan ‡ , Malte A. Peter §
Obliquely incident waves
It is relatively simple to include waves incident at an angle. Let us assume that the incident waves are travelling at an angle θ from the normal direction (so that θ = 0 is head-on incidence, which is the case we have been considering so far). This means that we have a wave number k y = k 0 sin θ in the y-direction. When we separate variables, we find the same equations in the vertical direction, so that the wave number in the x-direction is modified and given byk n andκ n in the open water and submerged plate region, respectively, wherê
where we take the root with positive real part or, in the case when it is purely imaginary, the root with negative imaginary part. Note that, for sufficiently large imaginary k y , the rootŝ κ n may be real for n = 0 or 1 (values of n for which κ n is imaginary). This corresponds to the case when there is only one or no propagating wave in the plate region. The expansion of the potential is then given bŷ
(2.47)
The equations to be solved are almost identical to those found before and are given bŷ
plus either the clamped-edge conditions or the free-edge conditions which are slightly different in this case. They read
respectively, where ν is Poisson's ratio.
Numerical results
We present some numerical results. We have taken the water depth to be h = 1.5 and mass of the plate to be γ = 0.1 for all of the following figures. Figure 3 illustrates the behaviour of the modulus of the reflection coefficient R = a 0 versus frequency for four different stiffnesses (β = 0.01 (dashed curve), β = 1 (dotted curve), β = 100 (chained curve) and β = 10000 (solid curve)) for the semi-infinite clamped plate. The plate depth is d = 0.5. We compared these solutions with the solution for a rigid semi-infinite plate (bold dotted line) whose solution is discussed in appendix A. It can be seen that the amount of reflection increases to a maximum and then decreases with increasing frequency. This is because the plate stiffness is negligible for low frequency waves while the plate depth is effectively infinite for high-frequency waves. We can also see that the reflection curves get closer to the rigid-plate solution as the plate stiffness is increased and as the frequency increases. In all cases we have checked our solution against the energy balance and have found good agreement. Figure 4 is identical to Figure 3 , except the edge conditions are free. It can be seen that the reflections in Figure 4 for different stiffnesses are less than the corresponding reflections for the same stiffnesses in Figure 3 as expected, since the plate is now free to move. Similarly, the curves in Figure 4 converge to the rigid-plate solution more slowly than for the clampedplate case seen in Figure 3 . However, the qualitative behaviour for the clamped and free plates is similar. Figure 6 shows the analogous results to figure 5 but for the free-edge conditions. Again, the reflection for the free-edge conditions is less than the reflection for the clamped-edge conditions. Figure 7 shows the plate and surface displacements for a typical choice of parameters. Note that we have drawn the plate displacement with respect to z = −d. The beating effect of the two propagating waves with different wavenumbers in the plate region is apparent. Note that we have set the amplitude of the incident wave to be 0.1 to make the figure clearer.
Finite elastic submerged plate
In this section we will consider a finite elastic plate which occupies the line z = −d, −l < x < l, −∞ < y < ∞. The geometry is symmetric about x = 0, and so we can decompose the solution into symmetric and antisymmetric solutions about x = 0 [11] . The solution procedure is almost identical for both cases, and the solution method is very similar to that for the semi-infinite submerged plate.
The solution domain is shown in Figure 8 . It is sufficient to consider only the region x < 0 since the solution can be extended into the whole fluid region using the symmetry relations 
Symmetric problem
We will first consider the symmetric case. Let the velocity potential in this case be given by φ + . We begin with the equations in truncated form, so that we have
If we match the potential and its derivative at x = −l we obtain
We now apply the edge conditions. The clamped-edge conditions (2.14) at x = −l give 
The free-edge conditions (2.15) at x = −l give
We solve equations (3.2) and (3.3) with either the clamped ((3.4) and (3.5)) or the free-edge conditions ((3.6) and (3. 
Antisymmetric problem
The antisymmetric solution is very similar to the symmetric problem. We begin with the equations in truncated form. We have
Matching the potential and its derivative at x = −l, we obtain
The equations for the clamped-edge conditions are 
and the free-edge conditions are
As for the symmetric case, we solve equations (3.9) and (3.10) with either the clamped ((3.11) and (3.12)) or the free-edge conditions ((3.13) and (3.14)). The solution for a wave incident from the left for a finite plate is given by
and the reflection and transmission coefficients are given by Figure 9 shows |R| versus α for four different lengths 2l of the fixed elastic finite plate, l = 1 (dash-dotted), l = 2 (dotted) and l = 5 (dashed) and the semi-infinite solution (solid). The very complicated behaviour of the finite plate compared to the semi-infinite plate is apparent in this figure. This is due to resonance effects caused by multiple reflections at the water-plate and plate-water boundaries. This is made more complicated by the existence of two travelling waves within the plate region. It can also be seen that, as the plate length is increased, there are more sharp peaks in the response. This is due to the existence of more possible lengths which give resonances for a longer plate. Figure 10 shows the analogous behaviour of |R| for the free plate. This behaviour here is very similar to that of the clamped plate ( Figure 9 ) except that there is significantly less reflection, as would be expected for a free plate. We also note the existence of very sharp peaks in the reflection coefficient where the numerical results are close to 1. This is somewhat unusual, and it has never been shown to occur for the case of a finite plate on the water surface. 
Numerical results
Δφ = 0 I IIa IIb z = −d ∂ n φ = 0 ∂ n φ = αφ z z = 0 x z = −h x = −l x = l
Circular submerged plate
As the vertical eigenfunctions ψ n are known, the problem of water-wave scattering by a circular submerged elastic plate can also easily be solved. We only give a brief outline here and note that the derivation for the elastic plate at the surface is given in [12] . The derivation of the system of equations for a submerged plate is almost identical to the one in [12] except that the more complicated vertical eigenfunctions ψ n need to be used. It is also noteworthy that it is unknown how the problem with circular symmetry can be solved using the Wiener-Hopf technique.
We use a cylindrical coordinate system, (r, θ, z), assumed to have its origin at the water surface above the centre of the circular plate with radius a. A sketch of the setup is given in figure 12 . The plate equation in terms of the three-dimensional velocity potential reads The boundary conditions for the plate also change. The vertical force and bending moments must vanish, which (see [25] ) can be written as
is the time-independent surface displacement and ν is Poisson's ratio.
Solution method
Separating variables exploiting the circular symmetry, we can write the potentials as
where the vertical eigenfunctions Z(z) are given by φ n and ψ n for r > a and r < a, respectively. The appropriate radial eigenfunctions are given in terms of the modified Bessel function K s (k n r) and I s (κ n r) so that 
is the incident potential wave of amplitude A in potential travelling in the positive xdirection. Thus, the potential in the open-water and plate region are entirely determined by the coefficients a ns and b ns , respectively.
Formulation of the infinite dimensional system of equations
We equate the potential and its derivative at r = a for each s and take the inner product by multiplying both equations by φ s (z) and integrating from −h to 0 to obtain: This system of equations can be solved numerically by truncation for each angular mode just as in the previous sections. It is noteworthy that because the solution is automatically expanded in cylindrical eigenfunctions, it is straightforward to use this method to calculate diffraction transfer operators as are required in the use of general multiple-body interaction theories [26, 27] .
Conclusions
We have presented the solution for a submerged semi-infinite elastic plate of negligible thickness by the eigenfunction-matching method. This can be seen as an extension of the eigenfunction-matching solutions given for the elastic plate on the water surface and for the submerged rigid plate. The solution method depends on the solution of a special dispersion equation, which has a more complicated structure than the dispersion equation for an elastic plate on the water surface. We showed how the solution for a semi-infinite plate can be extended to waves incident at an angle and to the case of a plate of finite length and a circular plate in the three dimensions. Numerical simulations were presented, which show the complicated behaviour of the system, especially for the finite elastic plate. It is noteworthy that the problem of scattering by a semi-infinite submerged dock was solved analytically using the Wiener-Hopf technique a long time ago, cf. [13] . In particular, it was found that the modulus of the reflection coefficient takes a very simple form, namely |R| = |κ − k|/|κ + k|.
